Abstract. We prove that every symplectic manifold possesses a real analytic structure. Moreover this structure is unique up to isomorphism.
Introduction
The purpose of this note is to prove the following
Theorem. Any symplectic manifold possesses a unique (up to isomorphism) real analytic structure.
To be more precise, let M be a smooth (i.e., C ∞ -) manifold and ω a smooth symplectic form on M . Then the existence part of the theorem states that there exists a real analytic manifold M a together with a real analytic symplectic form ω a and a diffeomorphism f : M a → M satisfying f * ω = ω a . On the other hand, the uniqueness part of the theorem says the following. Suppose that (M 1 , ω 1 ) and (M 2 , ω 2 ) are real analytic symplectic manifolds and suppose that there exists a smooth symplectomorphism f : M 1 → M 2 , i.e., f * ω 2 = ω 1 . Then there exists also a real analytic symplectomorphism.
The idea of the proof is essentially a combination of some well-known facts in differential topology due to H. Whitney, in analytic geometry due to H. Grauert and in symplectic geometry due to J. Moser. In fact, by a theorem of Whitney [15] one may assume that M is already a real analytic manifold and one has to look for a smooth diffeomorphism f of M transforming a given smooth symplectic form ω into a real analytic symplectic form ω a . To this end, using Grauert's embedding theorem [1] and Whitney's approximation theorem [14] , one can assume that there exists a real analytic symplectic form ω a quite near to ω in the sense of a strong topology, the so-called Whitney topology. Overcoming some technical difficulties this shows then that the Moser deformation trick [11] yields in fact a diffeomorphism of M transforming ω into ω a .
Proof of the existence part
So let M be a smooth manifold and ω a smooth symplectic form on M . By Whitney's theorem we may assume that M is real analytic and we have to find a
Next, by Grauert's theorem, we may assume further that M is embedded properly into some euclidean space R N and using Whitney's extension theorem we may also assume that ω is defined on a fixed neighborhood Ω ⊆ R N of M . Recall now the basic notion of the Whitney topology for smooth functions (and also for differential forms) on Ω given by the following. If g ∈ E(Ω) where E(Ω) denotes the smooth functions on Ω, then the basic neighborhoods of g are given by
Then h is in the neighborhood of g corresponding to the data (K, m, ε), if the difference of h and g on K j+1 \ int(K j ) is smaller than ε j up to the m j 'th differentiation order, i.e.,
(cf., e.g., [4] or [12] ). Whitney's approximation theorem [14] 
Then for a choice of a potential β ∈ E
(1) (M ), i.e., −dβ = σ := ω 1 − ω 0 , one finds a unique (smooth) curve of vector fields t → ξ t such that
thanks to the fact that ω t is non-degenerate. (Here i ξ ω denotes the contraction of the form ω in the first argument by the vector field ξ.) Taking derivatives one finds that di ξt ω t + σ = 0. Finally suppose that the non-autonomous vector field ξ t on M is integrable up to time one, i.e., there exists a curve t → f t in the diffeomorphism group of M with f 0 = id and
Therefore, to prove the theorem, it is enough to find a real analytic symplectic form ω a on M which satisfies 
Moreover, by Grauert's solution of the Levi problem [1] , we may further assume that X is a Stein manifold, i.e., X is holomorphically separable and holomorphically convex. We may in addition assume that ι : M → X is the homotopy inverse of a strong deformation retract of X onto M , π : X → M , inducing therefore an isomorphism on the level of de Rham cohomology (with coefficients in C). (This result is stated in [2] , chap. V, §4. For more general results see also [10] and [8] 
dR (M ; R)⊗C and we regard ω as an element in E (2) (M ; C). We want to consider now π * ω ∈ E (2) (X). Of course, π * ω represents a de Rham cohomology class on X as well. Now, Cartan-Serre's so-called Theorem B for Stein manifolds implies that the de Rham cohomology on X is representable by holomorphic forms (see [2] , chap. V, §4). Therefore we can choose a holomorphic and closed 2-form ω
is real analytic and represents the same cohomlogy class as the given ω proving the lemma.
Therefore we have fulfilled condition (a). However, ω a is not necessarily close enough to ω to satisfy conditions (b) and (c). In fact, to fulfill condition (b) it would be sufficient to find a real analytic representative ω a of [ω] ∈ H 2 dR (M ; R) in every Whitney neighborhood of ω (as an element in E (2) (M )). However, for condition (c) it is better that not only is ω "Whitney near" to ω a , ω ≈ ω a , but moreover we must find a potential β ∈ E (1) (M ), i.e., dβ = ω − ω a , which is in addition Whitney near to zero, β ≈ 0. In fact, this would also imply that the induced vector field ξ t is Whitney near to zero, ξ t ≈ 0; in particular it goes to zero, if x ∈ M goes to infinity, ξ t (x) → 0 for |x| → ∞ (recall that we have embedded M properly in some R N ). In fact, by a standard argument for the range of the short time existence of the solution curve of a dynamical systemẋ = ξ t (x) on M , one can conclude then that t → f t (x) exists for all 0 ≤ t ≤ 1 and all x ∈ M . So it is enough to prove the following Now, by the Whitney approximation theorem, there exists a β ∈ B ⊆ E (k−1) (M ) such that α a := α + β is real analytic and therefore dα a as well. Therefore
is real analytic.
Altogether we have now found a real analytic symplectic form ω a on M satisfying conditions (a), (b) and (c) and we have proved the existence part of our theorem.
Proof of the uniqueness part
So let M 1 and M 2 be two real analytic manifolds with real analytic symplectic forms ω 1 and ω 2 respectively, and let f : M 1 → M 2 be a smooth diffeomorphism with f * ω 2 = ω 1 . Now, on the one hand, the homotopy class {g ∈ Diff(
is open, and on the other hand, using Grauert's embedding theorem, the real analytic diffeomorphisms Diff a (M 1 , M 2 ) are dense in Diff(M 1 , M 2 ) (which proves that the real analytic structure of a smooth manifold is unique up to isomorphism, by the way). Thus there exists a real analytic diffeomorphism f a ∈ Diff a (M 1 , M 2 ), arbitrarily Whitney near to f , and in the same homotopy class, of course. Therefore forω 1 := (f a ) * (ω 2 ) we conclude thatω 1 is real analytic,
, andω 1 is Whitney near to ω 1 . Therefore it suffices to find a real analytic potential β ∈ E (1) (M ), i.e., dβ = ω 2 − ω 1 , which is Whitney near to zero, β ≈ 0. In fact, then Moser's deformation trick would produce a real analytic diffeomorphism g :
So what we may assume now is the following. Let M be a real analytic manifold and let ω 0 , ω 1 be real analytic symplectic forms on M such that [ω 0 ] = [ω 1 ] and ω 0 and ω 1 are arbitrarily Whitney near to each other. We may also assume that there exists a smooth curve [0, 1] → Diff(M ), t → f t with f 0 = id and f * 1 (ω 1 ) = ω 0 which is entirely contained in an arbitrary small Whitney neighborhood of the identity. However, f t is only smooth and we want to find a real analytic diffeomorphism g such that g * (ω 1 ) = ω 0 .
Lemma 1. (a) ("Real analytic Poincaré Lemma") There exists a real analytic
(1) (M ) such that β is Whitney near to zero, β ≈ 0, and dβ = ω 0 − ω 1 .
Proof. (a)
We consider again a Stein tube ι : M → X for M and denote by π : X → M the retraction. We look at X as a germ around M , i.e., all neighborhoods of ι(M ) ⊆ X which we use in the sequel are again denoted by X. Now, since ω 0 − ω 1 is real analytic, there exists a holomorphic 2-form ω hol on X, 
where Ω (k) (X) denotes the holomorphic k-forms on X. So we can choose a β hol ∈ Ω (1) (X) such that dβ hol = ω hol . Now set β a := Re(ι * β hol ). Then β a is real analytic and
(b) Define the curve of smooth vector fields t → ξ t on M by
and set β t := i ξt ω 0 and finally
, we conclude that ξ t ≈ 0 and therefore β t ≈ 0 and finally β ≈ 0. On the other hand, we see that
Remarks. 1. Part (a) of Lemma 1 is not used in the subsequent proof. However, we think it is interesting on its own, since together with Lemma 1 of section 2 it shows that the inclusion of real analytic k-forms on M into the smooth k-forms on M induces an isomorphism between the de Rham cohomology groups with respect to real analytic k-forms and smooth k-forms. 2. We leave it to the reader to formulate a more quantitative version of part (b) of the lemma, i.e., how near one can choose β to 0 in terms of how near ω 0 is to ω 1 . The only thing we need in the sequel is that we have β close enough to zero such that the vector fields ξ t given by i ξt ω 0 = dβ are going to zero when x ∈ M goes to infinity since we wantẋ = ξ t (x) to be integrable up to time one. Thus β -or even better dβ -has to be closer to zero than ω 0 is. But we can regard ω 0 as fixed and ω 1 we can assume as near to ω 0 as we want which shows then that the β constructed in part (b) satisfies the requirement.
However, the β constructed in part (b) is not quite the correct one since it is not real analytic. What we need is a potential for ω 0 − ω 1 satisfying (a) and (b) ("real analytic Whitney-Poincaré Lemma"). To this end assume that the following lemma is true.
Lemma 2. Let β ∈ E
(1) (M ) be such that dβ is real analytic. Then there exists a γ ∈ E(M ) so that β + dγ is real analytic.
End of the proof of the uniqueness part of the theorem. So let β be smooth and Whitney near to zero and dβ = ω 0 − ω 1 . Choose a smooth function γ on M according to Lemma 2 so that β + dγ =:β a is real analytic. Next use the Whitney approximation theorem to find a smooth function h on M with h ≈ 0 such that γ a := γ + h is real analytic and set β a := β − dh. Then we have β a ≈ 0 and moreover dβ a = dβ = ω 0 − ω 1 and finally
is real analytic. We use this β a in the Moser deformation trick to find a real analytic g ∈ Diff(M ) with g * ω 1 = ω 0 thus proving the theorem.
